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Introduction
Motivated by a desire to prove Fermat's Last Theorem, in 1916 Schur [22] proved his celebrated result that bears his name and states that for every positive integer r, there exists a least positive integer s = s(r) such that for every r-colouring of the integers in the interval [1, s] , there exists a monochromatic solution to the equation x + y = z. The only exact values of s(r) known are s(1) = 2, s(2) = 5, s(3) = 14, and s(4) = 45. Schur's Theorem was generalized in a series of results in the 1930's by Rado [17] [18] [19] leading to a complete resolution to the following problem: characterize systems of linear homogeneous equations with integral coefficients L such that for a given positive integer r, there exists a least positive integer n = R(L; r) such that every r-colouring of the integers in the interval [1, n] yields a monochromatic solution to the system L. Rado's result is particularly easily stated when L consists of a single equation. In this case, R(L; r) exists for every r precisely when some nonempty subset of the coefficients of the single linear equation L sum to 0, and we say that L is regular. Rado also proved that R(L; 2) exists for the single linear homogeneous equation if and only if there are at least three nonzero coefficients and both positive and negative coefficients.
There has been a growing interest in the determination of the Rado numbers R(L; r), particularly when L is a single equation and r = 2; for instance, see [1-5, 7-15, 20, 21] . In 1982, Beutelspacher & Brestovansky [1] proved that the 2-colour Rado number for the equation x 1 + · · · + x m−1 − x m = 0 equals m 2 − m − 1 for each m ≥ 3. Jones & Schaal [13] generalized this by considering the equation a 1 x 1 + · · · + a m−1 x m−1 − x m = 0 for positive integers a 1 , . . . , a m−1 and resolving the problem when min{a 1 , . . . , a m−1 } = 1. Hopkins & Schaal [12] resolved the problem in the case min{a 1 , . . . , a m−1 } = 2 and gave bounds in the general case which they conjectured to hold, and this was proved by Guo & Sun in [7] . They showed that the 2-colour Rado number for the general case equals as 2 Suppose L represents the linear equation a 1 x 1 + · · · + a m x m = 0. We may assume m ≥ 3. In view of Rado's result on single linear homogeneous regular equations, the only equations to consider for m = 3 are when a 1 + a 2 = 0 or a 1 + a 2 + a 3 = 0. The first case was completely resolved by Harborth & Maasberg [10, 11] for the 2-colour case, but the cases when r ≥ 3 remain open. In the second case, Burr & Loo [5] provided the upper bound 4(a 1 + a 2 ) + 1 for the 2-colour case, and Landman & Robertson [16] showed this to be the correct value when a 1 = 1 and 4 a 2 . We completely resolve the problem for the 2-colour case. We prove Theorem 1.1. Let a 1 , a 2 be relatively prime positive integers. Then R (a 1 x 1 + a 2 x 2 − (a 1 + a 2 )x 3 ; 2) = 4(a 1 + a 2 ) − 1, if a 1 = 1, 4 | a 2 or (a 1 , a 2 ) = (3, 4), 4(a 1 + a 2 ) + 1, otherwise.
Preliminaries
Let N be the set of positive integers and let χ : [a, b] → [0, t − 1] denote a t-colouring of numbers in the interval {n ∈ N : a ≤ n ≤ b}. Given a t-colouring χ and a system of linear equations in m variables, a solution (x 1 , x 2 , . . . , x m ) to the system is said to be monochromatic if and only if χ(x i ) = χ(x j ) for every i and j pair. We call a monochromatic solution non-trivial if all x i are distinct. The smallest number R(L; t) such that any t-colouring of [1, R(L; t)] admits a monochromatic solution to the equation L: a 1 x 1 + · · · + a n x n = 0 is called its Rado number. Throughout this section, we consider the regular equation a 1 x 1 + a 2 x 2 − (a 1 + a 2 )x 3 = 0. For notational convenience, we use a, b for a 1 , a 2 , and n(a, b) for R a 1 x 1 + a 2 x 2 − (a 1 + a 2 )x 3 ; 2 . We may assume that gcd(a, b) = 1 as otherwise the equation can be simplified. We further take a to be odd in what follows, without loss of generality. If x, y, z are integers such that ax + by = (a + b)z, then y ≡ z (mod a) and x ≡ z (mod b) since gcd(a, b) = 1. Thus y = z + ar, x = z + bs for some integers r, s; substituting in ax + by = (a + b)z, we have r + s = 0. Since y = z + ar, x = z − br satisfy the equation ax + by = (a + b)z for any r ∈ Z, the given equation has the parametric solution . A colouring λ : Z 2 → {0, 1} maps naturally to a valid colouring χ :
We use the notation AP(a, d; k) to denote the k-term arithmetic progression with first term a and common difference d.
Main Results
We begin by showing that any 2-colouring of the integers in [1, M] , where M = max{2a + 4b, 4a + 2b}, in which three consecutive terms of an arithmetic progression with common difference a, b or a + b are monochromatic, automatically gives a non-trivial monochromatic solution to ax + by = (a + b)z. 
, where N ≥ M = max{2a + 4b, 4a + 2b}. We consider the three cases in order and make repeated use of (2.1). Suppose χ(t) = χ(t + a) = χ(t + 2a) = ε ∈ {0, 1}. Suppose first that t ≥ 2b + 1. If either χ(t − b) = ε, χ(t + a − b) = ε, or χ(t − 2b) = ε, then we get corresponding monochromatic solutions {t − b, t, t + a}, {t + a − b, t + a, t + 2a}, and {t − 2b, t, t + 2a}. Hence, χ(t − b) = χ(t + a − b) = χ(t − 2b) = 1 − ε which again gives a nontrivial monochromatic solution. Similarly, in the case t ≤ 2b, if either χ(t + a + b) = ε, χ(t +2a+b) = ε, or χ(t +2a+2b) = ε, then we get corresponding monochromatic solutions {t, t + a, t + a + b}, {t + a, t + 2a, t + 2a + b}, and {t, t + 2a, t + 2a + 2b}. Thus, forcing χ(t + a + b) = χ(t + 2a + b) = χ(t + 2a + 2b) = 1 − ε, which again gives a non-trivial monochromatic solution.
The same argument interchanging the roles of a and b proves the assertion for arithmetic progressions with common difference b.
Next, consider the case when χ(t) = χ(t + a + b) = χ(t + 2a + 2b) = ε for ε ∈ {0, 1}. If any one of χ(t + a), χ(t + 2a), χ(t + 2a + b) equals ε, we have a monochromatic solution, since the triples {t, t + a, t + a + b}, {t, t + 2a, t + 2a + 2b}, and {t +a+b, t +2a+b, t +2a+2b} are all solutions. Hence, χ(t +a) = χ(t +2a) = χ(t + 2a + b) = 1 − ε, and we have a monochromatic solution. 
, and is analogous to reflecting the lattice along the x = y line. 
The Case 4 ab
We first consider the case when 4 ab. Since we take a to be odd, this means that b is either an odd integer or twice an odd integer. 
We show that χ admits no monochromatic solution to ax + by = (a + b)z with x, y, z distinct integers. Suppose χ(x) = χ(y) = χ(z), where x, y, z are distinct integers satisfying ax + by = (a + b)z. Since a, b are both odd, x, y have the same parity, and so both belong
But then z must lie in the same interval as x, y (since it lies between x and y), and so must have the same parity (since it has the same colour), implying r is even. But then r = ±2, and this is a contradiction since |x − y| = 2(a + b) is greater than either interval length.
An alternate proof for this theorem can be given using the grid framework. We refer to this colouring as the "diagonal" colouring. Consider the infinite grid restricted to numbers from 1 to 4(a + b). The diagonal colouring colours each minor diagonal (with at most 4 grid points), alternately with 0011 and 1100, i.e., if χ( 1, 0, 0) , and so on. Proving that such a colouring works entails showing that (1) there cannot exist monochromatic triangles that correspond to a solution, and (2) every point (p, q) that maps to the same number is coloured with the same colour. The grid shown in Figure 1 depicts a grid for (a, b) = (5, 3) that is coloured using the diagonal colouring.
We show that χ admits no monochromatic solution to ax
, where x, y, z are distinct integers satisfying ax + by = (a + b)z. Since x, z have the same parity and the same colour, 4 | (x − z) = br. Thus r is even, hence r = ±2, and y, z also have the same parity. But then 4 | (y − z), and this is false since |y − z| = 2a. Proof. Suppose that χ : [1, 27] → {0, 1} is a colouring which admits no monochromatic solution to 3x + 4y = 7z with x, y, z distinct integers. Consider the colouring on the elements of S = AP(6, 7; 4) = {6, 13, 20, 27}. By Lemma 3.1, the only cases to consider for the ordered 4-tuple χ(6), χ(13), χ (20) , χ(27) are (i) (0, 0, 1, 0), (ii) (0, 0, 1, 1), (iii) (0, 1, 0, 0), (iv) (0, 1, 0, 1) and (v) (0, 1, 1, 0). We repeatedly use (2.1) and Lemma 3.1 to prove the five cases.
The Case
• Case (i): Note that χ(6) = χ(27) = 0 forces χ(15) = χ(18) = 1, and that χ(13) = χ(27) = 0 forces χ(21) = 1. Now {15, 18, 21} forces a monochromatic solution by Lemma 3.1. Each part in this proof can be easily checked using the grid representation. We depict only the first part. • Case (iii): Note that χ(6) = χ(27) = 0 forces χ(15) = χ(18) = 1, and that χ(6) = χ(20) = 0 forces χ(12) = 1. Now {12, 15, 18} forces a monochromatic solution by Lemma 3.1.
• Case (iv): Note that χ(6) = χ(20) = 0 forces χ(12) = χ(14) = 1, and that
If χ(11) = 0, then χ(19) = 0 forces χ(15) = χ(25) = 1. Now χ(12) = χ(15) = 1 forces χ(18) = 0, which together with χ(11) = 0 forces χ(4) = 1. This leads to the monochromatic solution {4, 13, 25}.
If χ(11) = 1, then χ(14) = 1 forces χ(7) = χ(17) = 0. Now χ(7) = χ(21) = 0 forces χ(15) = 1, which together with χ(12) = 1 forces χ(9) = 0. Also χ(17) = χ(21) = 0 forces χ(24) = 1, which together with χ(12) = 1 forces χ(3) = 0. This leads to the monochromatic solution {3, 9, 17}.
• Case ( Proof. We give the colouring on the grid for (a, b) = (3, 4). As a quick check, the 
, where x, y, z are distinct integers satisfying (b − 1)x + by = (2b − 1)z. Since y, z have the same colouring, from (2.1), |y − z| = (b − 1)|r| and so r = ±2. Thus |x − y| = 2(2b − 1) = N − (4b − 3); without loss of generality, suppose x < y. Now χ(x) = χ(y) = χ(N − y) = χ(4b − 3 − x), so that if x ∈ I, then 4b − 3 − x ∈ J. This leads to a contradiction since 0, 1, 0, 1), and (v) (0, 1, 1, 0) . We repeatedly use Lemma 3.1 to prove the five cases.
• Case (i). Note that χ(1) = χ(b + 2) = 0 forces χ(b + 1) = 1, that χ(b + 2) = χ(3b+4) = 0 forces χ(3b+2) = 1, and that χ(1) = χ(3b+4) = 0 forces χ(3b+
We again show this part on the grid, the remaining parts can be checked similarly.
Assume first that χ(b + 3) = 0. We claim that
Note that χ(b + 3) = 0 together with χ(b + 2) = 0 forces χ(b + 4) = 1, and with χ(2b + 4) = 0 forces χ(3b + 5) = 1, which together with χ(2) = 1 forces χ(3b + 2) = 0. Next χ(b + 2) = χ(3b + 2) = 0 forces χ(2b + 2) = 1, and χ(3b + 4) = χ(3b + 5) = 1 forces χ(3b + 6) = 0, which together with χ(3b + 3) = 0 forces χ(3) = 1. This proves (5.1) for i = 2.
Note that χ(b + 3) = 1 together with χ(2b + 3) = 1 forces χ(3) = 0, which together with χ(3b + 3) = 0 forces χ(3b • Case (iii). Note that χ(1) = χ(2b + 3) = 0 forces χ(3) = 1, and that χ(1) = χ(3b + 4) = 0 forces χ(4) = χ(3b + 1) = 1. Now χ(3) = χ(4) = 1 forces χ(2) = 0. Next χ(2b + 3) = χ(3b + 4) = 0 forces χ(2b + 4) = χ(3b + 3) = 1, which together with χ(3b + 1) = 1 forces χ(3b + 2) = 0. But χ(2) = χ(3b + 2) = 0 forces χ(3b + 5) = 1, which together with χ(2b + 4) = 1 forces χ(2b + 5) = 0. Now χ(3) = χ(3b + 3) = 1 forces χ(3b + 6) = 0, which together with χ(2b + 5) = 0 forces χ(2b + 6) = 1. This gives the monochromatic solution {4, 2b + 4, 2b + 6}.
• Case (iv). Note that χ(1) = χ(2b + 3) = 0 forces χ(3) = χ(2b + 1) = 1 and
We claim that
3)
Assume first that χ(2) = 0. Now χ(2) = χ(3b + 2) = 0 forces χ(3b + 5) = 1, which together with χ(3b + 4) = 1 forces χ(3b
Now assume that χ(2) = 1. Note that χ(2) = χ(b + 2) = 1 forces χ(2b + 2) = 0, and χ(2) = χ(3) = 1 forces χ(b+3
Since ( • Case (v). Note that χ(1) = χ(3b + 4) = 0 forces χ(4) = χ(3b + 1) = 1 and
Assume first that χ(3) = 0. We claim that
Note that χ(3) = χ(b + 3) = 0 forces χ(2) = 1, which together with χ(4) = 1 forces χ(2b+4) = 0. Next χ(b+3) = χ(2b+4) = 0 forces χ(3b+5) = 1, which together with χ(2) = 1 forces χ(3b + 2) = 0. Next χ(3b + 2) = χ(3b + 4) = 0 forces χ(3b + 3) = 1. This proves (5.4) for i = 2.
Assume (5.4) holds for some
Now assume that χ(3) = 1. We claim that χ(n) = 0, if n ∈ I, n is even, or n / ∈ I, n is odd, 1, if n ∈ I, n is odd, or n / ∈ I, n is even.
We show that χ admits no monochromatic solution to x + by = (b + 1)z with x, y, z distinct integers. Suppose χ(x) = χ(y) = χ(z), where x, y, z are distinct integers satisfying x + by = (b + 1)z. If r is odd, then x, y have opposite parity, and so exactly one belongs to I. This implies r = ±1, since the maximum difference between elements in I and those not in I is 3b + 1 whereas |x − y| = (b + 1)|r|. If r = ±1, then y, z are consecutive integers having the same colour, and so exactly one belongs to I. Thus z is one of b, b + 1, 2b, 2b + 1, 2b + 2, 2b + 3, 3b + 2, 3b + 3. Now since |x − z| = b and both belong to I or both do not, the only possibility is (x, z) = (3b, 2b). But then y = 2b − 1, and this is impossible since x, y, z ∈ I in that case. If r is even, then r = ±2 and x, y, z have the same parity. Thus all or none of x, y, z belongs to I, since they have the same colour. This is not possible if x, y ∈ I since (3b + 2) − (b + 1) < |x − y| = 2b + 2. If x, y / ∈ I, then min{x, y} ∈ [1, b] since |x − y| = 2b + 2. But then max{x, y} ∈ [2b + 3, 3b + 2] ⊂ I, which is a contradiction to x, y / ∈ I. 
Proof. (i) Write
Since gcd(a, b) = 1, this is only possible when a | (i 2 − j 2 ) and b 
Remark 5.7. We set s i+a+b = s i and S i+a+b = S i for i ∈ Z. Proof. Since x, y ∈ S i , we can write x = s i +t 1 (a+b), y = s i +t 2 (a+b), where Remark 5.14. The result of Lemma 5.13 also holds for the colouring
obtained by applying Lemmas 3.2 to 5.13. The result of Lemma 5.13 also holds for the colourings
Remark 5.15. Note that χ 2 in Remark 5.14 reduces to the 2-colouring in the second case of Theorem 3.3.
We are now in a position to state and prove the result of the remaining cases. The proof uses explicitly the sequence given in Definition 5.5. We need to consider three cases: Proof. Consider the sequence {s 0 , . . . , s a+b }.
We first consider the case a < b < 
We show that χ admits no monochromatic solution to ax + by = (a + b)z with x, y, z distinct integers. 
In each case, the solution sets are not monochromatic.
, we further consider two cases: (a) a < b < 
Note that for (a, b) = (7, 8) , S −10 = S 5 and S −9 = S 6 , but χ(S −10 ) = χ(S 5 ) and χ(S −9 ) = χ(S 6 ). Hence the above cases hold. In each case, the solution sets are not monochromatic. For the case 
We now consider the case b < a < 
Note that for (a, b) = (5, 4), S −7 = S 2 , and S −5 = S 4 . But χ(S −7 ) = χ(S 2 ) and χ(S −5 ) = χ(S 4 ). Hence, the above cases hold. In each case, the solution sets are not monochromatic.
CASE (ii). 
We show that χ admits no monochromatic solution to ax + by = (a + b)z with x, y, z distinct integers. Suppose χ(x) = χ(y) = χ(z), where x, y, z are distinct integers satisfying ax + by = (a+b)z. Define i such that x, y ∈ S i . From Lemmas 5.10 and 5.11, it follows that there can be no monochromatic
In each case, the solution sets are not monochromatic. 
CASE (iii).

